Recently, we have used a projection operator to fix the number of particles in a second quantization approach in order to deal with the canonical ensemble. Having been applied earlier to handle various problems in nuclear physics that involve fixed particle numbers, the projector formalism was extended to grant access as well to quantumstatistical averages in condensed matter physics, such as particle densities and correlation functions. In this light, the occupation numbers of the subsequent single-particle energy eigenstates are key quantities to be examined. The goal of this paper is 1) to provide a sound extension of the projector formalism directly addressing the occupation numbers as well as the chemical potential, and 2) to demonstrate how the emerging problems related to numerical instability for fermions can be resolved to obtain the canonical statistical quantities for both fermions and bosons.
Introduction
In a previous paper [1] we proposed a projection operator for dealing with the particle number constraint in the framework of the canonical ensemble (CE). As a result, a transparent integral representation was obtained for the partition function Z N (β) 1 of N identical indistinguishable fermions or bosons:
G(β, θ) e −iNθ dθ ; G(β, θ) = Tr e −βĤ e iN θ ,
in which the HamiltonianĤ and the number operatorN are of course assumed to be compatible operators. The trace of G(β, θ) is to be taken over the entire Fock space, while the angular integration takes care of the projection onto the N-particle subspace.
In principle, this approach is applicable to interacting particles, but exactly solvable systems of this kind are extremely rare. Mostly, one has to rely on perturbational or variational treatments, starting from non-interacting particles with supposedly known eigenstates and energy levels. As an example, we quote various studies [2, 3, 4, 5, 6, 7] having applied the projector operator technique in a quite beneficial and successful way. Furthermore, the extension [1] of the method enabling the explicit calculation of correlation functions, paved the way towards systematic explorations in condensed matter physics. A workable and reliable algorithm yielding the particle occupation numbers (or, equivalently, the distribution functions) is paramount in this respect, while being the main subject of this paper. In order to keep the course of the theory selfcontained, we briefly return to the very basics of the projector formalism.
Given a system of non-interacting bosons or fermions, the HamiltonianĤ and the number operatorN can then be expressed in terms of the single-particle energy spectrum ǫ k , where k denotes any set of generic quantum numbers properly labeling the single-particle energies:
+1 for bosons, −1 for fermions.
given quantity. The internal energy U N (β) = −d(ln(Z N (β)))/dβ is in fact the fixed quantity. This correct interpretation of the principle of maximum entropy in thermal equilibrium was treated in Appendix A of [1] .
As detailed in [1] , the projector formalism enables an unrestricted summation over the occupation numbers n k entering the expression for G(β, θ):
Summing n k from 0 to ∞ for bosons, and from 0 to 1 for fermions, readily gives
It should be noted, however, that the geometric series 2 leading to (5) for bosons (ξ = +1), only converges if | exp(iθ − βǫ k )| < 1 holds for all k. The angular integration can equivalently be expressed as a complex contour integral along a circle with radius r enclosing the origin:
The radius r should be chosen small enough to ensure that the contour |z| = r does not enclose any of the poles ofG(β, z) appearing in the case of bosons. Though being a useful starting point for further investigations, the above integral representations do not generally lead to closed form expressions for Z N or quantities derived from it. As an exception, we mention the special case of one-dimensional harmonic oscillators 3 that was solved analytically upon invoking two Euler identities [1] . Unfortunately, we overlooked the magisterial treatment of non-interacting fermions with equidistant 2 Remarkably, the common ratio of a similar geometric series appearing in the grand-canonical partition function crucially depends on the grand-canonical chemical potentialμ(N). More specifically, as convergence requires the common ratio to be smaller than 1,μ(N) is bound to be located below ǫ 0 . The latter, in turn, requires that the single-particle ground-state energy be strictly positive. In this light, it is explicitly assumed that ǫ 0 > 0 until the recurrence relations for the partition function and the occupation numbers are established. Afterwards, a simple gauge transformation consisting of a constant energy shift can be performed to generalize the results to the case of arbitrary, but finite values of ǫ 0 .
3 Formula (25) in [1] contains a serious misprint, and should read
for bosons, e −N 2 β ω/2 for fermions.
(25) single-particle energies by Schönhammer [8] , that turns out to remain quite relevant to the present paper.
Although the projection operator approach was applied to derive generic expressions for the two-and four-point correlation functions, no detailed explicit results were reported in [1] . In section (2) we derive numerically tractable recurrence relations for both the chemical potentials and the occupation numbers, the latter being needed crucially to compute the correlation functions. In the same section we remedy the numerical instabilities that were prohibitive for extending the number of particles at will in the case of fermions [1] . In particular, new results are presented addressing not only the occupation numbers but also the dependence of the chemical potential, the Helmholtz free energy, the internal energy and the entropy of the two-dimensional electron gas (2DEG) on the particle number.
Occupation numbers and chemical potential
Consider the occupation number g k,N (β), defined as the expectation value ĉ † kĉk β,N of the N-particle system (2):
Temporarily disregarding the trivial result g k,N=0 (β) = 0, one readily obtains from the representation (6)
Because of the pole of order N in the origin, the residue theorem yields
Using
= n! Z n (β) in Leibniz' differentiation rule for function products, one ends up with
Separating the first term ( j = 1) and substitution j → j − 1 into the remaining sum, one immediately recognizes a recurrence relation
that was earlier obtained by Schmidt [9] and exploited by Schönhammer to treat fermionic systems (ξ = −1) (see Eq. (19) of [8] ).
If ǫ k=0 had to be shifted to a positive value in order to avoid spurious poles in the complex plane, one might choose to undo the corresponding gauge transformation at this point since all complex integrations required to set up the recurrence relation are carried out.
Introducing the standard definition of the chemical potential 4 in the CE,
and using k g k,N (β) = N, one obtains
where the temperature parameter β (considered to be fixed for the time being) was omitted as an argument for the sake of notation's simplicity in the subsequent calculations.
The initialization of the above recursion is simple:
Note that e βµ N−1 is the basic numerical quantity for implementing the recurrence. At the end of the calculations the chemical potential itself and, hence, also the free energy can be easily obtained.
Anticipating the numerical implementation, the relation to the grand canonical ensemble (GCE) may be beneficially established at this point by comparison with the distribution function of the GCE, i.e.
whereμ N (to be distinguished from µ N ) denotes the chemical potential in the GCE.
For arbitrary values of N and N ′ the relation between g k,N−1 and f k (μ N ′ ) can be further elucidated. Assuming the validity of the generic inequality, 0 ≤ g k,N−1 ≤ g k,N , the recursion (13) immediately implies
Furthermore, the identity 1 = (e β(ǫ k −µ N−1 ) − ξ) f k (µ N−1 ) allows to replace 1 in the factor
(1 + ξg k,N−1 ) of (13). This leads to an alternative formulation of the original recurrence relation:
Combining (18) with (17) for fermions, we may infer g k,N ≥ f k (µ N−1 ), thus arriving at
For bosons (ξ = +1) we were unable to find a similar ladder relation, but the inequality (17) can now be replaced by a stronger one:
At this point, the simultaneous treatment of bosons and fermions becomes a hindrance rather than a convenience and, hence, we treat fermions and bosons separately from hereof.
Boson occupation numbers
For bosons (ξ = +1), the recurrence relations (13) and (14) now become
As commonly known, the GCE chemical potential that fixes the average number of particles rather than the actual, integer number of particles, does not exceed the singleparticle ground state energy ǫ 0 . Accordingly, it is quite tempting to consider ǫ 0 as well as a rigorous upper bound for any µ N , although the formal proof turns out to be less trivial than in the GCE case (see Appendix A). The restriction µ N < ǫ 0 ensures the numerical stability of the encoded recurrence relations (21-22), although one may have to remedy some overflow and underflow deficiencies appearing in the case of extremely low temperatures.
As an example, we treat bosonic harmonic oscillators, omitting however the vacuum energy for the sake of simplicity in the subsequent numerical work. If desired, it can be restored at the end of the calculations. Accordingly, we consider the Hamilto-
where the components of k are non-negative integers and the energy spectrum is given
D is the spatial dimension (1, 2 or 3 at will). In view of the rapidly growing degeneracy, its proves more natural to relabel the single-particle energy levels in terms of a shell index q, pointing to an energy shell of states that share a common energyǫ q with a dimension dependent degeneracy d q :
The occupation numbers g k,N having the same degeneracy as ǫ k ,g q,N denotes the occupation number of any particular state in the energy shellǫ q , that, in turn, determines the occupation probability p q,N of any energy level in the shellǫ q :
The recurrence relations (21-22) forg q,N becomẽ
and are now initialized bỹ
where the required summation in µ 0 (β) = −(1/β) k e −βǫ k , as appearing in Eq. (15), was done analytically.
In one dimension (D = 1), one can check by induction that
which is useful to monitor the numerical recursion work, because it is tractable with symbolic algebra with only 2 independent parameters, namely N and the dimensionless temperature τ = 1/(β ω). 
Fermion occupation numbers
For fermions (ξ = −1) the recurrence relations (13-14) obviously read For the sake of convenience but without loss of generality, we may assume that k exclusively runs through non-negative integers labeling the energy eigenvalues ǫ k in ascending order and starting at ǫ 0 = 0. 
provides a sufficiently accurate approximation in most circumstances.
Let N c be the lowest value of N for which the preceding occupation number g k=0,N c −1 erroneously exceeds f k=0 (μ(N c − 1)) in the course of the recursion. Imposing the sum rule k f k (µ N c −1 ) = N c − 1 in (34) then gives the correction
For N > N c , the recursion (32) of course becomes increasingly inaccurate, but since this is a regime of slowly varying µ N with N, we keep using (34), withμ and µ being replaced respectively by µ N−1 and µ N . Summing over k one thus finds At any stage of the calculation one easily monitors the quality of the approach by checking whether k g k (µ N ) = N remains valid. In case of failure however, we have no alternative approach available so far, and we are left with the fermion sign problem remaining prohibitive for that particular case.
In order to test the procedure, we first apply it to a two-dimensional (2D) electron gas for which Schönhammer [8] has developed an alternative approach by linearizing its energy spectrum. Comparison with our approach (see below) shows an excellent agreement.
Two-dimensional electron gas -linearized energy spectrum
Consider again a 2D electron gas in a rectangle 0 x L x , 0 y L y , with periodic boundary conditions imposed on the single-electron wave functions. Before linearization, the energy spectrum (2) is expressed in terms of 2D wave vectors k x,y = 2πn x,y /L x,y as
where m e denotes the electron effective mass. Since we are dealing with fermions (ξ = −1), the recurrence relations (13-14) obviously read
While being valid for fermions with an arbitrary single-particle spectrum, the recurrence relation (38) turns out to coincide 5 with the one obtained by Schönhammer in
Eq. (19) of Ref. [8] , when applied to fermions with a linear energy spectrum. Focusing on the linear energy spectrum, we note that the density of the states in 2D
wave vector space equals L x L y /(2π) 2 . On average, a circle with radius K thus encloses
states, the single-particle energy on the edge of the circle thus
For sufficiently large wave vectors, the single-particle energies can therefore be replaced by a linearized spectrum
resulting in the following recurrence relation, replacing (38)
Clearly, the mere introduction of the linearized spectrum does not offer any improvement on the numerical accuracy. The latter goal may be reached most easily by implementing the analytical results obtained by Schönhammer [8] . Although it is tempting to translate his formulas literally, some care is required because he considers a spectrum 
The analytical expression for µ lin N given by Eq. (45) not only replaces the numerical iteration outlined in (40) and (41), but also enables the conversion of (40) into a recurrence relation connecting subsequent level numbers n for any fixed particle number N:
as was already established by Schönhammer [8] . In order to remain fully self-contained, we (re)derive these equations in the spirit of the projection operator approach in Ap- (48) is self-correcting. The main purpose of the present section being the corroboration of our results by those obtained by Schönhammer for the linearized energy spectrum, we refer to [8] for a more detailed investigation of the latter.
6. Two-dimensional electron gas -quadratic energy spectrum N c denotes the critical particle number that marks the cross-over between CE and GCE.
Conclusive remarks
Not only the partition function and its derived quantities, but also the boson and fermion occupation numbers (distribution functions) can be extracted from a workable set of coupled recurrence relations that are straightforwardly derived in the framework of the projection operator approach. Except for the special case of one-dimensional harmonic oscillators, analytical solutions of the recurrence relations are rare, if not unavailable, and a numerical treatment turns out to be paramount for most applications, especially in condensed matter physics and related areas.
For bosons, one may accidentally have to deal with some minor over/underflow related issues, but the numerical stability of the iterative solutions is generally guaranteed thanks to the self-correcting nature of the recurrence relations.
For fermions, the numerical errors on the occupation numbers are found to grow rapidly beyond a critical value of the number of particles, as a direct consequence of the wellknown sign problem. However, the proximity of the grand-canonical distribution function in that case was exploited to construct a simple algorithm remedying the unstable steps in the regime of large particle numbers. Moreover, a clear criterion assessing the validity of this alternative algorithm has been established for practical purposes.
Appendix A. Chemical potential of bosons -upper limit
This section demonstrates that, for any number of bosons, the chemical potential cannot exceed the single-particle ground-state energy ǫ 0 , i.e. µ N (β) < ǫ 0 for all N.
Equivalently, using the identity
we must prove that
To this end, we first introduce some auxiliary quantities:
Note that, due to Z 1 ( jβ) > e − jβǫ 0 for all positive integer values of j, each x j is a strictly positive number. With the above notation, it remains to be demonstrated that ∆ N > 0 for N 1.
First, we invoke mathematical induction to prove the identity
The latter trivially holds for N = 0 and N = 1 as can be seen by direct application of (A.3). Indeed, assuming that (A.4) holds for all particle numbers up to N > 1, its validity for N + 1 boson directly follows from
Next, we expand the defining expression of ∆ N , using both (A.4) and the recurrence relations for Z N (β) and Z N−1 (β):
Clearly, since all x l and ∆ N−l , appearing in the right-hand side of (A.6), are strictly positive, we conclude that ∆ N must be strictly positive as well, provided that N 1.
Appendix B. Fermion occupation numbers for a linear energy spectrum
Inserting a linear energy spectrum ǫ which is equivalent to the expression for n 1 N reported in Eq. (15) of [8] . Next, focusing on n > 0, we separate the factor 1 + z corresponding to k = 0 from the infinite product in the integral representation of g As such, the above recurrence relation is not particularly useful, with both the energy level index and the particle number N appearing as incremental integers. However, the application of (40) eliminating g 
